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Abstract

Modern data centers and cloud computing clusters are increasingly running workloads composed of malleable
jobs. A malleable job can be parallelized across any number of cores, yet the job typically exhibits diminishing
marginal returns for each additional core on which it runs. This can be seen in the concavity of a job’s
speedup function, which describes the job’s processing speed as a function of the number of cores on which
it runs. Examples of malleable jobs include machine learning tasks, parallelized across multiple GPUs, and
large-scale database queries, parallelized across multiple servers.

Given the prevalence of malleable jobs, theoretical works have posed the problem of how to allocate a
fixed number of cores across a stream of arriving malleable jobs so as to minimize the mean response time
across jobs. We refer to this as the Core Allocation to Malleable jobs (CAM) problem. Although quite a few
recent papers have been written on CAM, the problem remains challenging to solve optimally. In particular,
prior theoretical work has only solved the CAM problem in the case where all jobs follow the same speedup
function, with very little progress on multiple speedup functions.

This paper takes a new approach to CAM, looking at the problem in the mean field asymptotic regime.
In this regime, we are able to optimally solve a much more general instance of CAM. We allow for any
number of job classes, each with an arbitrary concave speedup function and weight. Furthermore, unlike
prior work, we allow for general independent inter-arrival times and phase-type job sizes.

We derive two distinct mean field optimal policies, FW-CAM and GLAM. FW-CAM demonstrates a new
intuition: in the mean field regime, individual job sizes are not relevant in finding an optimal policy. GLAM
(Gittins-Like Allocation for Malleable jobs) is asymptotically optimal and also serves as a good heuristic
outside of the asymptotic regime by adapting dynamically to the current number of jobs in the system.
Notably, none of the policies previously proposed in the literature are mean field optimal when jobs follow
different speedup functions.

1. Introduction

Modern data centers and cloud computing clusters are increasingly tasked with hosting workloads com-
posed of malleable jobs, such as machine learning training tasks [26, 41|, large-scale database queries [33, 45],
and data center computing tasks [43, 13]. Unlike traditional single-server jobs, malleable jobs can utilize
multiple processor cores to accelerate their execution. Furthermore, unlike multi-server jobs that require a
specific number of cores to run, malleable jobs do not have hard constraints on the degree of parallelism; a
malleable job can execute on any number of cores, and can change its degree of parallelism as it runs. Given
a stream of malleable jobs that arrive to a system over time, a system operator must allocate a fixed pool of
n cores across the arriving jobs to optimize system performance (e.g., the mean response time, where a job’s
response time is the time from when it arrives until it completes). Designing an efficient Core Allocation
Policy for this setting remains a significant open challenge.

Motivated by these applications, this paper studies the problem of Core Allocation to Malleable jobs
(which we call CAM). In this problem, we are given n cores and a stream of malleable jobs. The goal is to,
at all times, determine how many cores to assign to each job — the number of cores assigned to a job can
change over time. The objective is to minimize the (weighted) mean response time (see Section 3).
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(a) Speedup functions s; (k). (b) Total core-hours k/s; (k).

Figure 1: Examples of speedup functions and the corresponding total core-hours (assuming job size is 1). Speedup functions
are typically sublinear and concave; k/s(k) is increasing and at least 1, but it is not restricted to being convex or concave.

1.1. Speedup functions and their effect on running time

A defining characteristic of this problem is the diminishing marginal returns associated with parallel
execution. A job’s speedup function, s(k), describes how much faster a job runs on k cores compared to a
single core. Job speedup functions are typically concave and sublinear (see Figure la for some examples).
Hence running a job on 4 cores may only increase its speed by a factor of 2.

The CAM problem is complex because there are multiple classes of jobs, where every job class is associated
with a different speedup function. Specifically, s;(k) denotes the speedup function of a class-i job (see
Section 3 for the formal definition). Additionally, every class of job can have a different size distribution.
The size of a job is the inherent work associated with the job, which we measure as the job’s running time
on a single core. The running time of a job of size x and class ¢ on k cores is given by %, as explained in
Section 3.

In the CAM problem, as more cores are allocated to a single job, the overall system efficiency (defined
as the total inherent work completed per unit of core time) decreases. This efficiency loss is captured by the
distinction between system load and effective load, defined as follows.

For an m-class GI/GI/n system (n cores), the system load, p, is defined as

2221 AE [Xi]
n

system load = p = <1,
where )\; is the arrival rate of class-i jobs, X; is a random variable denoting the job size of a class-i job, and
n is the number of cores. While the system load can be defined exactly the same way for the CAM problem,
the system load alone no longer captures the queueing behavior of the system. This is because parallelization
increases the "effective work" of a job due to sublinear speedup (see Figure 1b for an example). For instance,
if a job runs on 4 cores but achieves only a 2x speedup, it consumes twice the core-seconds compared to
the case when it is run on 1 core, or, equivalently, the job’s “effective work” is double its inherent work.
Consequently, the effective load on the system is strictly greater than the inherent system load, and the
system may become unstable even when the system load is smaller than 1. Thus, the queueing behavior
of a system is truly determined by the effective load, which depends on both the system load and the core
allocation policy.

1.2. A Brief History of the CAM Problem

A variety of work from the systems community considers scheduling malleable jobs [37, 41, 26, 43, 45].
However, all of these systems rely on simple heuristic policies with no theoretical guarantees.

The CAM problem has been studied by the performance modeling community over the past decade.
Much of this work assumes exponential job sizes and Poisson arrivals [5, 6, 8|.

There are several papers devoted to the case where all jobs follow a single speedup function [5, 6, 9].
Even the single speedup function problem is difficult since one needs to balance two competing goals: (1)
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Figure 2: Three competing priorities when dealing with multiple speedup functions.

giving more cores to jobs with short remaining times, and (2) maximizing system efficiency. The optimal
balance is achieved in the heSRPT paper [9], which assumes all jobs are present at the start. The problem
is still open when jobs arrive over time.

Once one moves to multiple speedup functions, the problem becomes even harder. Berg et al. [5] suggest
that, in general, one must trade off three goals, shown in Figure 2: (1) favoring jobs with short remaining
times, (2) maximizing current system efficiency, and (3) maximizing future system efficiency (specifically
"saving up" some highly parallelizable jobs for times when there are only a few jobs in the system). Prior
works have looked at special cases that reduce to only two out of the three tradeoffs. For example, [7, 10]
consider the case of two speedup functions, where the shorter jobs are also the less parallelizable jobs,
aligning corners (1) and (3). As another example, [8] assumes all speedup functions follow a rooftop shape:
class-i jobs are perfectly parallelizable up to k; cores, but get no further benefit from > k; cores. There, it
is easy to satisfy corner (2), by avoiding the flat parts of the speedup functions, but trading off between (1)
and (3) still requires looking at the case of p — 1.

In summary, the CAM problem with multiple speedup functions is still largely wide open.

1.8. Asymptotic Regimes

In Section 1.2, we saw that an optimal solution to the CAM problem is elusive, since it must trade off
several competing goals. In fact, we note here that the CAM problem is strictly more challenging than
the classical M/G/n scheduling problem (where jobs are not parallelizable and each job occupies a single
server). The optimal scheduling policy for the M/G/n remains open except under asymptotic regimes (see
Section 2 for more discussion). Hence, in order to build intuition for a good allocation policy for CAM, we
too turn to asymptotic analysis.

We limit our attention to the wide class of regimes where both the arrival rate and number of cores go to
infinity while the job sizes stay fixed. In traditional M/G/n systems, the regimes are differentiated by how
the arrival rate scales compared to the number of cores. For example, in the mean field regime [12, 18, 17, 16],
the arrival rate scales proportionately to the number of cores; hence, the system load p is held fixed. This is
a good representation for real-world large-scale systems that operate under reasonable (not too high) loads.
By contrast, in non-mean-field regimes, the arrival rate scales faster than the number of cores, causing the
system load to approach 1 (|25, 24]).

In the CAM problem, running jobs on more than 1 core causes the effective load to be higher than the
system load. Hence for the CAM problem, regimes where the system load p approaches 1 are not interesting
because they do not allow jobs to be parallelized. Specifically, given jobs that follow strictly sublinear
speedup functions, if any constant fraction of jobs run on more than 1 core, the effective load is a constant
factor larger than the system load (which is already approaching 1), resulting in an effective load greater
than 1 and system instability. We formalize this intuition in Proposition 1. This observation compels us to
focus on the mean field asymptotic regime (see Section 3), where the system load remains constant while
the number of cores scales.

1.4. Our Approaches and Impacts

We derive two distinct mean-field optimal policies, FW-CAM and GLAM, using fundamentally dif-
ferent methodologies.



FW-CAM (Definition 1): In prior work, the tradeoffs shown in Figure 2 are difficult to balance because
the importance of each conflicting goal varies with the system state. Our key observation is that in the
mean field limit, the average job arrival rates, job sizes, and speedup functions for each class are the only
quantities that matter. This allows us to derive a mean field optimal policy, FW-CAM, as a function of
these averages.

While conceptually simple, FW-CAM reveals a critical insight: a mean field optimal policy should treat
all jobs in the same class (i.e., having the same speedup function) equally, allocating cores independently of
the job’s remaining size. That is, every job class is associated with a fixed width (FW). This contradicts the
classical scheduling intuition of "prioritizing short jobs" (e.g., [9, 8]). In fact, any policy that does prioritize
short jobs is not mean field optimal (see Proposition 2).

GLAM (Definition 5): While FW-CAM successfully exploits the averaging effect of the mean-field regime,
its allocations are static over time. As a result, we find that FW-CAM’s performance degrades outside the
asymptotic limit (if the number of cores, n, is small), raising questions about the practicality of using FW-
CAM in the real world. This motivates us to introduce a second policy GLAM (Gittins-Like Allocation
policy for Malleable jobs) that is both mean-field optimal and adapts to the state of the system over time.

GLAM uses a heuristic based on the Gittins index [20] to form a dynamic, mean-field optimal policy.
While the Gittins index has classically been used for scheduling problems with non-parallelizable jobs,
we use the approach to handle malleable jobs. Roughly speaking, GLAM computes every job’s marginal
improvement in response time from running on an additional core. Running on an additional core also
increases the number of core-hours the job will use (see Figure 1b), so GLAM also computes the marginal
increase in resource usage from an additional core. GLAM favors jobs with a higher ratio of marginal
response time improvement to marginal resource usage increase.

Notably, GLAM uses a metric that does not cleanly align with any of the tradeoffs described in Figure
2. In particular, it is not maximizing the classical definition of system efficiency. In fact, we can show
that the GREEDY policy [5] that maximizes system efficiency is not mean field optimal (see Section 7 and
Appendix I). Furthermore, GLAM (like FW-CAM) does not favor short jobs in mean field.

1.5. Our Contributions

The contributions of this paper are as follows:

e We derive two mean field optimal policies, FW-CAM and GLAM, for the CAM problem under general
settings. In particular, we allow for generally-distributed independent inter-arrival times, phase-type job
sizes, multiple job classes with distinct speedup functions, and any weighted mean response time metric.

e (Section 5) Our first policy, FW-CAM, leverages the concept of effective load to derive a mean field
optimal policy, where all jobs in the same class get the same allocation.

e (Section 6) Our second policy, GLAM, serves as a bridge between theory and practice. It is not only mean
field optimal but also demonstrates superior empirical performance, converging rapidly to the optimal
limit. It serves as a strong heuristic for general CAM settings.

e Prior work on the CAM problem has been largely limited to only one speedup function or a narrow class of
speedup functions (see Section 2). Even for the setting of a single speedup function, our analysis provides
novel insights challenging the conventional wisdom of prioritizing short jobs.

2. Prior Work

In Section 1.2, we already reviewed the prior work on the CAM problem. In this section, we discuss
prior work on scheduling parallelizable jobs under different models of parallelism that are complementary
to the CAM problem.



2.1. Scheduling problems relevant to, but different from CAM

Even under traditional multi-server scheduling, where jobs are not parallelizable and each job occupies
only a single server, the optimal policy is still widely open. For M/G/n systems, the only known optimality
result applies in the conventional heavy traffic regime [21]. However, it has recently been shown that SRPT-n
is not optimal under non-limiting load [23], and this line of work is still active.

Another active line of work on multi-server scheduling involves multiserver jobs (e.g. [22, 11]). These
jobs are parallelizable, but not malleable. Specifically, in [22, 11] each job requires a fixed given number of
cores specific to that job. It is hard to translate intuitions learned from the multiserver job setting to the
CAM setting where jobs are malleable and can run on any number of cores.

Additionally, there has been significant work on fork-join parallelism [28, 4], where a single job is com-
posed of a fixed number of tasks that queue and run independently. A single job is completed when all of
its tasks are completed. Analysis of fork-join queueing systems is notoriously difficult, and known results
are generally limited to approximations [38| or asymptotic analysis [46].

Each of the above models is important for some range of systems. However, none of these models capture
the many systems where jobs are malleable, and the scheduler chooses the level of parallelism for each job.
We do note that many of the considerations and tradeoffs that arise in the CAM problem can be seen in
some form for different parallel scheduling models. However, none of the results from these other models
directly generalize to provide results in the CAM model.

2.2. The Gittins Index

In the latter half of this paper, we use techniques related to the Gittins index [20] to derive a mean field
optimal policy for the CAM problem. The Gittins index has been used for optimal scheduling in an M/G/1
queue [1, 42, 2] where job sizes are unknown, but the job size distribution is known. The Gittins index was
further used in an M/G/n setting, where it was shown to minimize mean response time in the heavy-traffic
limit (p — 1)[21]. Importantly, the Gittins index is not optimal outside of heavy-traffic for the M/G/n. Our
work is the first to use a Gittins index approach for scheduling jobs governed by speedup functions. Our
model considers jobs of known size, while classical scheduling applications of the Gittins index focus on jobs
with unknown sizes. Hence, our work should be viewed as a generalization of SRPT-like policies rather than
a generalization of prior Gittins policies for the M/G/1 and M/G/n.

3. Core Allocation to Malleable jobs: Our Problem Setting

We consider an m-class GI/GI/n system with n homogeneous cores.

3.1. Job Classes

There are m classes of jobs. Each class has its own arrival process, job size distribution, speedup function
and weight, all to be defined below.

Arrival process. The arrival process of class 7 is defined by i.i.d. inter-arrival times drawn from distribution
A;. We assume that A; has mean )\i Define A := Z:’;l i to be the total arrival rate of jobs and let
A = (A1, A2,..., ) be the vector of arrival rates for each job class. Let A;(¢) be the number of class-i jobs

that have arrived by time ¢ and let A(t) = >_7" | A;(t) denote the total number of arrivals by time ¢.

Job size distribution. The size of a job is defined as the time needed to complete a job on a single core. We
can think of this as the inherent work associated with the job. The sizes of class i jobs are i.i.d. random
variables, X;, with E[X;] = 1/u;. Throughout, we assume job sizes are known, but surprisingly, the exact
size of each job turns out to be useless in the mean field regime. While our results on FW-CAM hold for
general, independent job sizes, our results on GLAM require phase-type job sizes.



Speedup function. A job’s running time depends on the number of cores the job runs on and on its speedup
function. We define s; : Rt — R to be the speedup function of class i jobs. If a class i job with size x runs
on k cores, then its running time becomes

Running time on k cores =

Note that we assume that jobs can be assigned fractional cores, but a job cannot be assigned between
0 and 1 core. We make the following mild assumptions on the speedup functions: For any job class i, the
speedup function s;(-) should fulfill the following properties:

o 5,(1)=1.

e Sub-linearity: s;(k) <k for k > 1.

e Monotonicity: for any 1 < ky < ko, we have that s;(k1) < s;(k2).

e Concavity: for any 1 < ky < ko, we have that s;(k1)/k1 > s;(ka)/ko.
e Smoothness: s}(k) exists for all k > 1.

Although real-world speedup functions may not be perfectly concave, in practice, this is dealt with by
using the monotonic, concave hull of an empirically measured speedup function [19].
Our second mean-field optimal policy, GLAM, needs the following additional assumptions:

e Strict sub-linearity: lim, o+ M < 1 and s;(k) = o(k) for k — oo.
e Strict concavity: s} (k) exists and s} (k) < 0 for any k > 1.

Stability Conditions. We assume some additional conditions on the job size distribution and interarrival
distribution that are necessary for system stability. In addition to the standard assumption that system
load is less than 1 (see Section 3.3), additional distributional assumptions are required to guarantee stability.
In particular, the stability conditions for the CAM system mirror those of a GI/GI/n queue. A full treatment
of these stability conditions is given in [15], and is beyond the scope of this paper. In this paper, we assume
E [A?] < 0o and E [X?] < oo for all 4, along with all other conditions on A; and X; that are needed for
stability.

3.2. Performance Metrics

Weighted mean response time. Our goal is to minimize the weighted mean response time across jobs, where
class i is assigned weight ¢;. Formally, let T; be the stationary response time of class-i jobs with mean E [T;].
The weighted mean response time of the system is given by

B [Tl = Y B T (1)

No Preemption Overhead. We assume that there is no overhead when preempting or changing a job’s
allocation. This simplification is also assumed in most prior theory works, e.g., 7, 8, 10, 19, 9].

Optimizing weighted mean response time. Let k;;(t) be the number of cores allocated to the jth class-i job
at time t. Let T;; be the response time of the jth class-i job. Observe that T;; is determined by the choices
of k;;(t) at every time t. We can then write the following optimization problem, which describes the problem
of choosing job allocations to minimize the weighted mean response time across jobs in the CAM problem.
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minimize lim Tiic; weighted mean response time
kij (t) T—00 A = = A (weig P )
m_ Ai(7) (2)
subject to Z Z kij(t) <mn, VYt>0 (usage constraint at time )
i=1 j=1

kij(t) € {0} U1, 00) Vit > 0.

We will refer back to this optimization problem frequently as a helpful starting point for deriving new
scheduling policies.

3.3. The Mean Field Regime

The main results of this paper consider the mean field scaling regime. In the mean field regime, the
number of classes, job size distributions and speedup functions are held fixed, and the arrival rate is scaled
proportionally with the number of cores. Formally, a sequence of systems indexed by d are considered as
d — oo. Let )\,Ed) be the arrival rate of type-i jobs in the d*" system, and let n(?) be the number of cores in
the d* system. Then in the mean field regime, /\Ed) =d- N, A = g. X, and n{® = d - n. More precisely,
inter-arrival times in the d** system are sampled from Agd) = %. In this way, the mean inter-arrival time
scales, but the coefficient of variation of the inter-arrival time distribution stays constant. Importantly, in
the mean field regime, the system load stays constant as d is increased. Mathematically, the system load in
the d*" system is defined as

m

1 @
p = Zpi where p; 1= W)\E ). E [X:].

Neither p nor p; depend on d. We assume throughout the paper that p < 1, which is necessary for system
stability.

We refer to the CAM problem in the d** system as CAM (9. We denote the weighted mean response time
of a policy 7 in the CAM@ system by E [T\;\,Ci{_,;mcd]?j am@- The policy 7 is considered mean field optimal for
the CAM problem if, for any other policy 7/, we have

lim E [TWeighted]gAM(d) <1.
d—oo | [TWeighted]gAM(d) B

4. Preliminaries: A relaxed version of the CAM problem

In this section, we introduce a relaxed version of the CAM problem, which provides a lower bound on
the optimal weighted mean response time, E [T\,Veighted]*7 for the CAM problem. In the Relaxed problem,
we drop the hard constraint that at every moment of time only n cores are available. Instead, we allow
the total number of cores to fluctuate at our control, so long as the time-average number of cores stays
within a budget of n. Similar relaxations are commonly used in queueing problems to prove asymptotic
optimality [44, 47, 48].

Specifically, consider the jth job of class i that arrives at time ¢. Let

t+Ti;
T by (s)ds
J T”

be the average number of cores used to process the jth job of class i. Looking at the optimization problem
in (2), we relax the constraint on the total number of cores used at time ¢ to
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It is straightforward to see that this new constraint is weaker than the original constraint in (2), since the
original constraint clearly implies that the time average core usage is below n. Hence, the weighted mean
response time for the Relaxed problem is a lower bound on the optimal weighted mean response time in
the CAM problem, since the constraint of a fixed number of cores is relaxed. Formally, we denote the
optimal weighted mean response time for the CAM problem and the Relaxed problem by E [TWCightcd]g AM
and E [Tweighted]}elaze 4> respectively. Then we have that

E [TWeighted]*CA]\/[ > E [TWeighted}*Relaxed . (4)

As it turns out, the Relaxed problem is of independent theoretical interest, and was previously considered
in [35]. However, [35] does not consider mean-field scaling nor does it address applications to the original
CAM problem. Instead, [35] solves the Relaxed problem by deriving two results. First, they show that
the optimal policy for the Relaxed problem should never queue jobs; intuitively, queueing any job makes
its response time worse without reducing the time-average number of cores it will eventually use. Second,
[35] shows that the optimal Relaxed policy should not change a job’s core allocation over the course of the
job’s lifetime. This is a consequence of the concavity of the job’s speedup function — a job whose allocation
changes over time will run faster by receiving a constant allocation equal to its time-average core allocation.
A similar argument can be used to show that two different jobs of the same class should receive equal
allocations. Taken together, these properties imply that one can find the optimal policy for the Relaxed
problem by computing the optimal number of cores, k;, to allocate to every class-i job. This k; will replace
the Eij in our Relaxed optimization problem, (3). The optimal Relaxed policy then allocates the appropriate
number of cores to each arriving job with no queueing.

Given this structure of the optimal Relaxed policy, it is straightforward to obtain simplified expressions
for both the weighted mean response time from (2) and the relaxed core usage constraint in (3). This result
is summarized in Theorem 1, as follows.

Theorem 1 (Theorem 1 in [35]). The optimal policy for the Relazed problem is: Whenever a class-i job
arrives in the system, k; cores are immediately allocated to it until it completes, where k; is the solution to
the following convex optimization problem

B m &E[XZ]CIL

m
minimize g ZE[T ¢ (minimize weighted mean response time)

= A _i:1 A si(ki)
- NE X E 5
subject to Z)"E (T3] k; = Z s[(k)] < n, (time-average budget constraint) ©)
i=1 i=1 P
ki >1.

The convezity of (5) is shown in Appendiz A.

We refer to the optimal policy for the Relaxed problem as the Relazed policy. We note that the Relaxed
policy is an example of a fized-width policy (FW for short) because every job of class i gets the same number
of cores, k;.

We note that, even in the Relaxed model, the above results are counterintuitive. Because the optimal
policy does not queue jobs, the typical benefits of prioritizing short-running jobs ahead of long-running jobs
disappear. Specifically, given two jobs with the same speedup function but vastly different job sizes, the
optimal policy will allocate the same number of cores to each job, contradicting the tradeoffs in Figure 2.

We now apply Theorem 1 in the mean field regime where )\Ed) =d-\; and n¥ = d - n. Importantly, the
optimization problem in (5) when written for the dth system, is independent of d. Hence, (5) is also a lower
bound on the weighted mean response time of the mean-field optimal policy for CAM.

5. The first Mean Field optimal policy: FW-CAM

In this section, we present the first mean field optimal policy for the CAM problem, FW-CAM. In
Section 5.1 we first develop the intuition behind our policy. Next in Section 5.2 we present our FW-CAM
policy. Finally in Section 5.3 we present the proof of its mean field optimality.
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5.1. Intuition behind FW-CAM

The goal of this section is to use the Relaxed policy (see Section 4) to derive an asymptotically optimal
policy for the CAM problem, FW-CAM. There are two issues with doing this.

First, the Relaxed policy is allowed to use more than n cores during some periods of time. In the CAM
system, jobs would be forced to queue during these periods.

Second, if the Relaxed policy is directly used in the CAM system, allocating k; cores to every class-i job,
the resulting CAM system will be unstable. To see this, consider the effective load of the Relaxed policy in

the CAM system. When each class-i job runs on k; cores, it consumes E [T;] k; = Eg[)((k]]; amount of core

time (i.e., CPU-seconds) in expectation. Hence, the total effective load of the Relaxed policy in the CAM
system is

N E[Xi] ks
Total Effective Load = r = Z T where ri=—"- L

i=1
Here, r; represents the effective load contributed by class i jobs.

Because the budget constraint in (5) will be tight when deriving the optimal Relaxed policy, the effective
load of the optimal Relaxed policy will be 1 in the CAM system, leading to system instability.

The above issues motivate the rest of the section. Our goal is to reduce the effective load of the Relaxed
policy in the CAM system such that queueing disappears. We then argue that, in the mean field scaling
regime, we can make this change without significantly reducing the number of cores allocated to each job,
and hence without impacting performance. The resulting policy will be mean-field optimal because it will
perform similarly to the Relaxed policy in the Relaxed system, whose weighted mean response time is a
lower bound on the weighted mean response time of the CAM system.

5.2. Defining FW-CAM

We begin by formally defining FW-CAM, which will adapt the Relaxed policy to the CAM system.
Roughly speaking, under FW-CAM, we set aside a small number of cores (on the order of n% 7). With
the remaining n(® — (n(d))0'75 cores, we solve the optimization problem (5) to find the optimal Relaxed
policy that allocates the n(¥) — (n(d))'75 cores on average. We then apply the resulting Relaxed policy

in the original CAM system. The resulting policy uses only n(® — (n(d))0'75 out of the n total cores on
average. Hence, the effective load of FW-CAM is less than 1 and the system is stable. As d increases, the
effective load of FW-CAM in the d*" system scales as roughly 1 —d~%2°. This scaling regime lies within the
Sub-Halfin-Whitt regime!. We will show that the mean queueing time in the CAM system goes to 0 in this
scaling regime.

We start by defining FW-CAM for an arbitrary CAM system with a vector of arrival rates A and n cores.

Definition 1 (FW-CAM). Let &k} (A\,n) be the optimal value of k; from the optimization problem (5),
given a vector of arrival rates, A, and a time-average budget constraint of n cores.? Pick 0.75 < # < 1 and
let k; := k] (/\7 n—nP ) be the number of cores allocated by FW-CAM to each class-i job. We partition the
n cores into m groups, where class i’s group consists of n; cores. Here n; is defined to be proportional to
the effective load contributed by class 7. That is,

ri

Z;nzl T

Whenever a class @ job arrives, if the total number of cores used by existing class i jobs is no more than
n; — k;, the new job is allocated k; cores until it completes; otherwise, the new job queues. Whenever a class

n;:=n-

IThe Sub-Halfin-Whitt regime refers to systems where load scales as 1 — w(d~%-%). We enforce a stronger scaling regime
(1 — w(d=%2%)) in order to apply the results in [34].

2We assume the optimization (5) admits an optimal solution. The corner case where the infimum is not attained at any
finite k; is not realistic but, for theoretical completeness, is handled in Appendix B.

9



1 job completes, if there are queueing class i jobs, the released k; cores are assigned to the class-i job that
has waited the longest; otherwise, if there are no queueing class ¢ jobs, the released cores idle even if there
are queueing jobs from other classes.

Note that n; is chosen so that class i jobs experience a system with subcritical effective load. Statically
reserving cores in this way is not necessary for implementation, but greatly simplifies our analysis.

5.83. The mean field optimality of FW-CAM

We now prove the mean field optimality of FW-CAM. Our proof has two major components. First,
we show in Lemma 1 that, although the allocations of FW-CAM are slightly lower than the allocations of
Relaxed (because FW-CAM has reserved some cores), the allocations used by FW-CAM converge to the
allocations used by the Relaxed policy in the mean field limit. Hence, the weighted service time component
of weighted mean response time under FW-CAM converges to that under the Relaxed policy. Second, we
show in the remainder of the section that the mean queueing time under FW-CAM converges to 0. Taken
together, these results show that the mean response time under FW-CAM converges to the mean response
time of the Relaxed policy.

We begin with the following lemma that compares the allocations of FW-CAM to the Relaxed policy in
the mean field limit when both systems have n(¥) cores and a vector of arrival rates scaled up by d, which
we denote as AY. This lemma will be used in Lemma 4 and Theorem 2.

Lemma 1. Let kgd) = kf ()\(d),n(d) - (n(d))ﬂ). For any class i, limg_s o kgd) = kX (A, n). That is, the
allocations under FW-CAM converge to the allocations of the Relaxed policy in the mean field limit.

PRrROOF (PROOF SKETCH). Note that the optimization problem (5) does not change when both the A and
n are scaled by the same constant, d. This gives

3 @ pd) _ ()P
K (A(d),n(d) _ (nw)) ) e (" ”(”)> =k (A n —nfdP1)

¢ d’ d

Because § < 1 we have
lim n—n’d’~ ! =n.
d—o0

The lemma then follows from the continuity and convexity of (5). See Appendix E.

To show that the mean queueing time under FW-CAM goes to 0 in the mean field limit, it helps to first
see how several of the critical quantities in the system will scale with d under the CAM policy. In particular,
we first define the effective load contributed by class i jobs in the dth system

(@) _ expected cores used by class i )\Z(-d) E[X;] k§d)

Effective load contributed by class i = r

. . . 6
i (@ n(d s k(d)) (6)

7

We can then examine the asymptotic behavior of the total effective load as follows:

ZADE[X] Y 8
Expected total no. cores used = Z ‘([(d)])l =n _ (n(d)) .
i=1 si(k;

?

d) _ total expected cores used _1_ (n(d))ﬁ—l .

Total effective load = Z 7’5 o)
n
i=1

By definition,



We now analyze the subsystem composed of the ngd) cores used to process class-i jobs. Note that the

cores are split into classes proportionately to the effective load, hence the effective load on this subsystem
is the same as the total effective load. Mathematically, we have

2@ (E[Xi]kﬁd)> (d)
i 5; (kD (), (d) B-1
Effective load on class-i subsystem = (d() RIVANG (Z) = Z rgd) =1- (n(d)) . (8)
T i=1

%

Hence, each job class experiences a subsystem that follows a Sub-Halfin-Whitt scaling regime that matches
the overall system.

We now show that the mean queueing time under FW-CAM goes to 0 in the mean field limit. To do this,
we start with Lemma 2, which shows that the system under FW-CAM can be decoupled into m independent

FCFS (first-come-first-serve) GI/GI/n; systems where n; = [ 2% ].

(a)
Lemma 2. Letn/@ = {:M)J . Then the mean response time of class-i jobs under FW-CAM in the CAM (D

i
system s the same as the mean response time in a single-class GI/GI/n;(d)

/(d)

i

system with average arrival rate

)\gd), job sizes distributed as ﬁ and system load, ri*", given by

rg(d) — )‘z('d) (E [Xi] {lsi (kz(d))) (9)

n (@

PROOF. The proof is straightforward. Under FW-CAM, each job class sees an independent system and each
X
si(k{Dy"
is the number of

class-i job occupies kgd) cores. Thus, the running time of each class-i job follows the distribution
The nz(-d) cores reserved for class-i jobs are divided into chunks of size k,gd). Here, n;(d)

complete chunks of size kl(d), hence the floor. This creates a natural coupling between the system under
FW-CAM and the GI/GI/n} system described above. The load on the resulting system reflects the resources
consumed by class-i jobs (i.e., chunk-seconds used) divided by the number of chunks used.

We now apply Lemma 3, adapted from [34], that bounds the mean number of jobs in queue in a GI/GI/n
system. Our statement below is simplified from the original statement in [34] to aid in readability. The full
Lemma is provided in Appendix F.

Lemma 3 (Adapted from Corollary 3 in [34]). For a GI/GI/n'Y) queue with arrival rate X and job
size distribution S, let the system load, p\?, be defined as p(® := % <1 andlet E [Né?d)} be the mean

number of jobs in queue. If p( =1 —w ((n(d))i‘%) , then

lim E {Ng“] —0.

d—o0

That is, if the system load of the GI/GI/n'? scales in a strongly Sub-Halfin- Whitt regime, the mean number
of jobs in the queue goes to 0.

We now use this result to finish our proof of the mean field optimality of FW-CAM.

Lemma 4 (No queueing for each class). For any class i, the expected queueing time of class-i jobs un-
der FW-CAM goes to 0 when d — co.

11



PRrROOF. By Lemma 2, the mean queueing time of class-i jobs is equal to the mean queueing time in the
GI/GI/ n;(d) system described in Lemma 2. Thus, we only need to show that the mean queueing time in

the GI/GI/ n’i(d) system goes to 0 when d — oo. It is straightforward to see that rg(d) from (9) has the same

asymptotic behavior as the effective load on the class-i subsystem as described in (8). Hence, by Lemma 3,
1(d)

the expected queueing time in the GI/GI/n}'" system goes to 0 as d — oo (using Little’s Law).

Finally, we can prove our main theorem, which shows the mean field optimality of FW-CAM.
Theorem 2. Our policy FW-CAM is mean field optimal.

PrOOF. By Lemma 1, as d — oo, the number of cores allocated to a class-i job converges to k} (A, n). Hence
f[(?]) Moreover, by Lemma 4, the expected queueing

time of class-i jobs converges to 0. Thus, the expected response time of class-i jobs converges to %, and

the expected service time of class-i jobs converges to

the weighted mean response time converges to

. Fw—caMm _ s~ AN EB[X)]
dh_lg)loE[TWeighted]CA]\J(d) Iy - N\ si(kF)’
im

3

which is the weighted mean response time lower bound for CAM established in (4).

6. A “Better” Mean-Field Optimal policy: GLAM

In Section 5, we prove the mean field optimality of FW-CAM. However, outside the mean field regime,
FW-CAM may make frequent mistakes. For example, if the number of jobs in the system is very small,
FW-CAM may leave many cores idle. On the other hand, if there are too many jobs in the system, FW-CAM
allocates many cores to a subset of jobs, while forcing other jobs to queue. Intuitively, outside the mean
field regime, a better policy should take the current number of jobs in the system into consideration. This
raises the question of whether we can develop a policy that is more dynamic than FW-CAM while remaining
mean field optimal.

For example, prior work [5] proposed the GREEDY policy® that accounts for the number of jobs in the

system by trying to maximize the sum of the speedups of all jobs in the system at every moment in time.
Specifically, GREEDY maximizes the current system efficiency by repeatedly allocating cores to the jobs
that receive the highest marginal improvement in speedup. Using this heuristic, GREEDY tends to spread
cores more evenly when there are many jobs in the system and skew allocations towards more parallelizable
jobs when there are few jobs in the system. Unfortunately, GREEDY is not mean field optimal in general
(see Appendix I).
Outline. In this section, we develop the GLAM policy, a policy based on a Gittins index style of argument.
Our derivation of GLAM shows that the correct way to measure the marginal benefit a job receives from
each core is the ratio of the reduction in a job’s response time to the increase in the job’s resource utilization.
Using this result, we prove the mean field optimality of GLAM and demonstrate that prior approaches like
GREEDY were overly simplistic.

The rest of this section will be devoted to deriving our heuristic policy, GLAM, and then proving
that it is asymptotically optimal in the mean field regime. Following a Gittins-style argument (see e.g.,
[20, 48, 1, 49, 40, 39]), we begin by proposing a relaxation of (2) along two dimensions:

(i) The first relaxation repeats our previous approach of using a time-average constraint on core usage
rather than a strict constraint at every time, t (see (5)).

(ii) The second relaxation applies a discount factor relaxation that allows us to put more emphasis on the
current allocation and not have to account for everything in the future.

3GREEDY is a generalization of the EQUI policy to workloads with multiple classes of jobs

12



Relaxation (i) above is where we get the primary benefit, as it greatly simplifies the form of the opti-
mization problem. Relaxation (ii) is necessary for technical reasons, and will be resolved at the end when
we take a vanishing discount limit (similar techniques are used in [36, 31, 49]).

We begin by setting up our Gittins approach in Sections 6.1 and 6.2. In Section 6.3, we derive the GLAM
policy. This argument shows how to correctly measure a job’s marginal benefit from each additional core,
resulting in a policy that adapts allocations based on the number of jobs in the system. Then, in Section
6.4, we show that GLAM is mean field optimal.

6.1. Another Relaxed Optimization Problem

We first alter (2) by applying a discount factor of e~ to both the objective and constraint. Here, we
also re-write the objective function in terms of N;(t), the total number of class-i jobs in the system at time
t. It is easy to see that with o = 0, this expression gives the total weighted response time across jobs over a
time horizon, 7. For purposes of finding a more nuanced policy, we hold off on collapsing the objective and
constraint into per-class expectations.

The constraint is relaxed in an analogous way, but requires tracking N;(t), the set of class-i jobs in

n

the system at time ¢. Note that the constraint on total discounted usage becomes 7 as a result of the
discounting. The resulting optimization problem is given as follows:

r m
minimize  lim e—at Z N;(t)e;dt
0 i=1

k'ij(t) T—00

T - 10
subject to  lim / e~ E Z kij(t)dt < n (10)
o)

T Jo i=1 jEN; (1)
ks (1) € {0} U[1,00) Vi > 0.

6.2. The Dual Problem

Given the optimization problem (10), we can use the method of Lagrange multipliers to set up an
auxiliary optimization problem. We begin by defining the Lagrangian as follows. Let k,(¢) denote the
vector of allocations to all jobs in the system at any time, ¢, under some scheduling policy, 7. Let f(k,)
denote the value of the objective function in (10) for a given set of allocations. Furthermore, let g(k,) be
the discounted time average core usage under these allocations minus 2. That is, the constraint in (10) is
satisfied if g(k;) < 0. We can then write the Lagrangian for this convex constrained optimization problem
as follows:

L(kr,0) = f(kr)+ Lg(ky).
The Lagrange Multiplier Theorem says that, for ¢ > 0, solving (10) is equivalent to solving

min max Lk, ?).

0

Because (10) is convex and strictly feasible (since p < 1 we can stabilize the system with fewer than n cores),
strong Lagrangian duality holds. That is, we can define the Lagrangian dual function,

h(f) = n’%in L(kr,0).
such that, to solve (10), it suffices to solve

B . 0o o m | | ) n
m?xh(ﬁ)—m?xmm/o e ;Nl(t)c,—ké- Z ki (¢) dt—€~a. (11)

" JEN;(t)
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This expression for the dual problem can then be rewritten and simplified as follows:

— 3 OO —at - n
meaxh(f)—maxmm/o e Z Z (ci+12-kqij(t)) dt—€~a. (12)

V4 k. :
i=1 jEN;(t)

The only dependence between the terms inside the double summation in (12) is captured by the Lagrange
multiplier, £. Hence, for a given value of ¢, the problem of minimizing the inner expression in (12) (and thus
yielding the value of h(f)) decouples into a series of separate optimization problems, one for each job that
arrives to the system. Specifically, for the jth job of class i, define an indicator 1;;(¢) which is one while the
job is active in the system. One must solve the following for each job:

o0
min / e~ (1) - (ci + £ - kg (1)) . (13)
kij(t) Jo
We refer to (13) as the single job problem.

We then note via complementary slackness that £*, the value of ¢ that maximizes the Lagrangian dual
function, is the value of £ where the discounted time average core usage across all jobs is exactly Z. This
suggests a two-step optimization process: First, analyze (13) assuming arbitrary values of ¢. Then, find the
value, £*, such that the total core usage across jobs perfectly uses the available time average budget.

6.3. GLAM: A Gittins-like Policy

Rather than solving (11) via the two-step approach outlined above, we use (11) to derive a heuristic for
the original CAM problem based on the approach originally proposed by Gittins [20] and Whittle [48]. We
define the Gittins policy for the relaxed problem as follows:

Definition 2 (The Gittins policy for discounted problems). At every moment in time, ¢, the Gittins
policy calculates a “market-clearing" service cost, Z(t) This ?(t) is defined as the smallest value of ¢ such
that, after solving the single job problems defined in (13) for the jobs currently in the system, the total
number of cores used across all jobs is no more than n. For each job, the Gittins policy sets k;;(t) to be the

~

number of cores that optimizes (13) given £ = £(t).

~

For this Gittins policy to be well-defined, there must exist a single £(¢) satisfying the above conditions.
This is generally shown by proving indexability, as follows:

Definition 3 (Indexability). Given a discount factor a > 0, define the optimal action for state x in the
single-armed bandit problem (parameterized by discount factor « and service penalty £) to be k*(x,£). The
discounted multi-armed bandit problem parameterized by the discount factor « is called indexable if for any
state x, k*(x,¢) is decreasing with ¢ and limy_,¢ k*(x,¢) — oo. That is, when the service cost is lower, the
optimal number of cores allocated is higher.

We assume indexability holds in our setting. Prior work [40] proves indexability under very general conditions
that are close to our setting but require a finite state space for the underlying problem. We defer formally
extending these results to future work. We will only use the assumption of indexability in deriving our Gittins
policy. The mean field optimality of our Gittins policy does not rely on indexability — see Theorem 4.

We now derive GLAM (Definition 5), which provides a closed form for the Gittins policy from the
previous section. Here, we first derive the Gittins policy for the discounted problem, which does not have
a simple closed form. Fortunately, since we truly care about minimizing the undiscounted mean response
time, we can take limits as @ — 0. This yields a closed form for the Gittins policy in the undiscounted case.
While this derivation of GLAM yields a heuristic policy, GLAM turns out to be asymptotically optimal (see
Section 6.4) and performs well in practice (see Section 7).

Our central observation about GLAM is that the correct way to measure the marginal benefit of allocating
cores to jobs is to look at the ratio of response time improvement to increase in resource usage for each
additional core. To see this, we define f; as follows:

14



Definition 4 (f;). For any class i job of size x, define

d x
fik) = reduction in response time  ~dk [si(k)} B st(k) (14)
" change in resource usage = d | ks | s;(k) — ks (k)
i L k) — ks (k
ak | s:(k)

Note the independence of the final expression from the job size, z. Hence, f; is the same for all class-i jobs.
Here the derivative of s; at 1 is defined as s;(1) := lim o+ % Further we define fi_1 to be the
inverse function of f; (the inverse exists because f; is strictly decreasing, see Lemma 9).

We will show that GLAM allocates cores to the jobs with the highest values of f;. Theorem 3 will show
that, as & — 0, the value of 6( ) falls into one of two cases. Either

C%Z(t) =0 <;> or lim £(t) = ©(1).

a—0
Hence, in Lemma 5 below, it suffices to solve (13) in these two limiting cases.

Lemma 5 (Optimal policy for the single job problem). The solution to the single job problem in the
limit as « — 0 depends on the asymptotic behavior of £(t).
If lima—0 £(t) = O(L), the optimal solution to the single job problem given a job of size  is

Choose action k =1+ o0(1) if lime_o(t)or <
Choose action k = 0 if limg o z(t)a >

80 8|0

If limg g Z(t) = O(1), the optimal solution to the single job problem given a job of size x is

)

Choose action k =1+ o(1) if 29 > £(1)

Choose action k = f; (Z(t)) +o(1) i Cf) < fi(1).

)
s

PROOF. By concavity of the speedup function, the optimal action for the single job problem should not
change throughout the job’s life. Otherwise, picking the time-average number of cores leads to a better
policy (see Lemma 8 in Appendix G for a detailed proof). Hence, we only need to focus on the total cost of
each action.

The total discounted cost for action & = 0 is

/ e *cids = %. (15)
0

For any action k > 1, the total discounted cost is

EHO) 1 —apts) _ L r
—as( . . — Z (e . _ AT® ) — Z (e
/0 e~ (c;+0-k)ds 5 (c; + k) (1 e > " (c; + LK) (a ) + 0(a)>

lkx T
= ——=+—— +o(1) +o(0)k. 16
() T oW Ok 0
We now derive the optimal action for the single job problem for the two cases in Lemma 5.
Case 1: { = ©O(). In this case, the comparison between (15) and (16) depends on the sign of fa — .
If limg 0 for > <%, we see that (15) (cost when k = 0) is smaller than (16) for any £ > 1. Spemﬁcally, by
sublinearity (s;(k) < k), for any k > 1,

lkx X

s k) )

+o(l)+o(f)k > Lz + O(1) + o(0).
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The condition limg_,o foe > < gives fz — < = ©(1) > 0. Hence, for any k > 1, (16) is greater than (15) for
sufficiently small a. This implies that & = 0 is the optimal action as e — 0 in this case.

If limg 0 for < %, we see that & = 14 o(1) is optimal as a — 0: By (16), the cost of any k > 1 is
ﬁk)&: +O(1) + o(0)k. At k = 1 this is fx + O(1) 4+ o(£). The assumption lim, ol < ¢;/x now gives
br — & = @(%) < 0. Hence, the cost of using k = 1 is less than the cost of using k = 0 for sufficiently
small . For any k& > 1, strict sub-linearity of the speedup function gives % > 1, so the cost of using
k > 1 exceeds the cost of using k = 1 by ©(). This cost difference dominates any differences in the O(1)
and o(¢) terms. Hence the optimal &k equals 1 + o(1).

Combining the two sub-cases, the optimal action is

Choose action k =14 o0(1) if lim,_0la <
Choose action kK =0 if limg_0la >

8|0 8|0

Case 2: ¢ = O(1). Since £ = O(1), the term o(¢) k in (16) is o(1) (because k < n). Hence the cost of any
k>1is
bk +¢;)x

si(k)
which is less than the cost % = ©() of £ = 0. So the optimal action is some k > 1.

1
(Zitzg)w, then deal with the o(1) term. Differentiating,

i - g

dk
By strict concavity of s;, s;(k) — ksi(k) > 0; also f; is strictly decreasing. Therefore:

+o(1) = 6(1),

We first minimize the leading part

fi(k)) :

o If £ > £i(1), then f;(k) < fi(1) < c%, so the derivative is > 0 throughout, and the leading part is

c;
minimized at &k = 1.

o If % < fi(1), then there is a unique k > 1 where the derivative equals 0, namely k = fifl(f); the
leading part is minimized at this value of k. '

Let k be the value of k that minimizes this leading term.

We now show that the o(1) term shifts our optimal choice k by at most o(1). Note that by the derivative
formula above, the leading part is strictly decreasing before k and strictly increasing after. Hence, for any
fixed € > 0, the leading part exceeds its minimum by at least some positive constant c(e) > 0 whenever k
is at distance at least ¢ from k. Reduction in the o(1) term in (16) cannot compensate for this c(e) = O(1)
increase as o — 0, so the optimal k is within € of k. Since e is arbitrary, the optimal k differs from k by at
most o(1), i.e.,

Choose action k =1+ o(1) if c% > fi(1)
Choose action k = fifl(CL;) +o(1) if C% < fi(1).

We are now ready to derive the Gittins policy for scheduling a stream of jobs. Note that a key step in
deriving the Gittins policy (Definition 2) is to pick the “market-clearing” service cost £(t). In Theorem 3
below, we show that the scaling behavior of Z(t) depends on the current number of jobs in the system. This
allows us to derive a closed form for the Gittins policy as a — 0.

Theorem 3. Assuming indexability, the Gittins policy in the limit as o — 0 falls into one of two cases at
every moment in time:

1. If the number of jobs is larger than the number of cores, then Z(t) scales as O(1/a). The Gittins policy
assigns each class-i job an index of (Wéwbszze + 0(1)). The policy gives 1 + o(1) cores to the job
with the highest index until insufficient cores remain for the next job.
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2. Otherwise, {(t) scales as ©(1) and is chosen such that, if every class-i job gets g;(£(t)) cores, the total
number of cores used is no more than n. Here g;(¢) is defined as

[ 1+0(1) if CL > fi(1),
gi(t) = fi_l (%) +o(1) otherwise,

and where f; is defined in Definition 4. The Gittins policy allocates every class-i job g; (Z(t)) cores.

PROOF. By Definition 2, the Gittins policy is determined by selecting the value of £ such that the total used
cores is equal to n. Now we discuss two cases depending on the number of jobs.
Case 1: number of jobs > n. In this case, as o — 0, if E( ) € ©(1), by Lemma 5 we know that each job
wants at least 1 core, which will exceed our total limit n. Thus, we should make the service cost higher to
decrease the total core usage. By Lemma 5, whether a job with weight ¢ and remammg inherent work z
wants 1 or 0 cores depends on whether ﬁ( Jae > £ +0(1). Hence, E( ) must scale as © (1) in order to fulfill
the market clearing condition as o — 0. N

By Lemma 5, given a value of £(t), a job is allocated 1 + o(1) cores if and only if £(t)a < < + o(1).
Hence, the Gittins policy allocates 14 o(1) cores to each job according to the order of £ + o(1).
Case 2: number of jobs < n. In this case, because one or more jobs will run on more than 1 core, the
market-clearing é( ) must scale as 8( ) € ©(1). Specifically, by Lemma 5, é( ) € ©(1) implies that every

class-i job gets 1 4 o(1) cores if ( > fi(1), and gets f; (é(t)) + o(1) cores otherwise. Hence, under the

market-clearing Z(t), each job gets gl (E( )) cores and the market-clearing Z(t) is chosen accordingly.
In both of these cases, a unique market-clearing service cost £(t) exists because of indexability.

Finally, we define the GLAM policy, which considers the Gittins policy from Theorem 3 in the limit as
a — 0, causing all o(1) and o(«) terms to vanish:

Definition 5 (GLAM). At every moment of time:

e If the number of jobs in the system is at least the number of cores, assign each class-i job an index of

oo e Allocate 1 core to each of the n jobs with the largest index.
g job size

e Otherwise, choose the smallest ¢ such that if every class-i job gets g;(¢) cores, the total number of cores
used is no more than n, where g;(¢) is defined as

gi(0) == {fil (L -

= ) otherwise,
:

where f; and f;l are defined in Definition 4. The chosen value of ¢ represents 0 (t), and every class-i job
should be allocated g;(£(t)) cores.

There are two important intuitions to note about the GLAM policy. First, if we take the classical interpreta-
tion of £ as a “service charge” assessed to a job for every core it uses, the form of g; has a nice interpretation.
Here, CL; represents the marginal cost of using an additional core divided by the marginal benefit of reducing
the response time of a class-i job by one second. The f; function similarly looks at the ratio of the marginal
change in response time to the marginal change in resource usage. By equating these two ratios, we get

. marginal benefit of change in .
change in . _ marginal cost of
. response time — resource .
response time i resource usage
reduction usage

This matches the classical economic tenet of optimizing profit by setting marginal cost equal to marginal
benefit. The GLAM policy then sets a price, £(t), such that when each job optimizes its own profit, the
resource constraint becomes tight.
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Second, one practical way to think about GLAM’s allocations is to think about the policy repeatedly
allocating one core at a time (or some small fraction of a core) until all cores are allocated. To do this,
GLAM roughly awards each core to the job with the highest value of f;(k) - ¢; under the current allocations.
By contrast, the GREEDY policy has been described as awarding cores to the jobs with the highest value
of s;(k). This has a similar flavor to GLAM, but simply uses an overly simplistic heuristic to gauge a job’s
marginal improvement from each additional core.

6.4. Mean field optimality of GLAM

While we have both a theoretical justification and a strong intuition for GLAM, at this point, it is
still just another heuristic policy. Hence, in this section, we prove the mean field optimality of GLAM
(Definition 5) subject to some mild conditions. As stated in Section 3, here we assume that job sizes are
phase-type distributions. This assumption is mild because phase-type distributions can approximate any
distribution arbitrarily closely (Theorem 4.2 in [3]). Without such an assumption, to capture the dynamics
of the system in mean field, one would need to use a measure valued fluid approzimation (e.g., [27]), which
is beyond the scope of this paper.

For ease of presentation, we present our proof for the case when job sizes are exponential. Specifically,
class-i jobs have size X; ~ Exp(u;). The proof for phase type distributions follows a very similar roadmap,
and is deferred to Appendix H.

In the mean field regime, the limiting dynamics of the queueing system can be captured by an ordinary
differential equation (ODE) [30, 18]. Notably, even for a GI arrival process with rate \;, the first-order drift
is the same as for a Poisson arrival process with rate A; (Theorem 3 in [48]). Thus in the ODE the drift is
simply A;.

Specifically, we again consider the mean field scaling regime where d — co and p remains constant.

Let Ni(t)(d) be the number of class-i jobs in the dth system at time . We can consider the fluid-scaled

process z;(t) = %)(d) According to [18], the GLAM system in the mean field limit can be described by

the following ODE:

Zi= N — 2z i - 8i(gi(£)), (17)

where ¢ is determined by >, z; - g;(¢) = n and g; is defined in Definition 5. Here, ); is the arrival rate
of class-i jobs, z; - p; is the total completion rate of class-i jobs (if running on 1 core), and s;(g;(¢)) is the
speedup that any class-i job gets. Finally, by the definition of GLAM?, ¢ is picked such that the total
number of cores used equals n, which is Y"1, z; - g;(€) = n.

We can now state our main theorem. The mean field optimality of GLAM relies on the assumption that
ODE (17) has a global attractor. Similar assumptions of the existence of a global attractor are also made
in prior works (e.g., [47, 44], see [44] for a detailed discussion)®.

Theorem 4 (mean field optimality of GLAM). Assuming ODE (17) has a global attractor, the GLAM
policy is mean field optimal.

PROOF. Suppose ODE (17) has a global attractor, then the global attractor must be a stationary point.
We next prove that there exists a unique stationary point for ODE (17), and the weighted mean response
time for the stationary point is equal to the optimal weighted mean response time of the Relaxed problem
(see (5)). Note that if this statement holds, we have that GLAM is mean field optimal because its weighted
mean response time converges to the lower bound given by the Relaxed problem.

For the stationary point z;, since Z; = 0, we have that z;u;s;(g;(£)) = A;. Thus we have that

i

@) X (18)

z; =

4In the mean field limit, the number of jobs in the system is never larger than the number of cores.
5 Although we conjecture that ODE (17) does have a global attractor, the proof is highly non-trivial even for the case when
job sizes are exponential. We leave the verification of this conjecture to future work.
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Now we can find the stationary point by solving the equation >, z; - g;(¢) = n, which is equivalently

- Aigi(€) _
2 @y B = ()

We now argue that there exists a unique £* < max; ¢; f;(1) solving (19). First, for any ¢ > max; ¢; fi(1),
so we have g;(¢) = 1 for all 4, and the left hand side of (19) becomes », ;E [X;] < n. Next, note that
gi(0) is strictly decreasing for any ¢ < ¢; f;(1), hence the left hand side of (19) is strictly decreasing with
¢ < max;c;f;(1). Finally, note that as ¢ goes to 0, g;(£) = f; *(¢/ci) goes to co. To see this, note that
the numerator of f; is o(1) by strict sub-linearity and the denominator is (1) by concavity (specifically
the derivative of the denominator is increasing). Hence, there exists a unique £* solving (19) in the interval
(0, max; ¢; f;(1)]. Therefore, the unique stationary point z; can be found by plugging ¢* into (18).

Since the dynamics of the GLAM system in the mean field limit are captured by an ODE (17) whose
global attractor is z;, we have that in the limit, any class-i job is assigned g;(¢*) cores. Thus the mean
E[X;]

response time of a class-i job is RCRGIL and the weighted mean response time in the limit is

. a1~ aNE (X))
Jim BTl G0 = 53 7055

One can use Lagrange multipliers to solve the optimization problem (5) and find that the optimal weighted
mean response time for the Relaxed problem is + >, % (Lemma 10). Thus we have that GLAM is
mean field optimal.

=1

7. Simulation and Evaluation

We evaluate the performance of our proposed policies, FW-CAM and GLAM, through numerical sim-
ulations. Our evaluation focuses on two aspects: (1) verifying the mean field optimality of our policies
and comparing their convergence rates, and (2) demonstrating the superiority of our policies (particularly
GLAM) over standard heuristics commonly used in the literature. We ran simulations over a wide range of
settings, varying the speedup functions, the system load p, and the inter-arrival time and job size distribu-
tions. Across all settings the message is the same:

e Both FW-CAM and GLAM converge to the theoretical lower bound given by the Relaxed optimization (5),
while standard heuristics from the literature do not.

e GLAM converges significantly faster than FW-CAM and beats the heuristics even when the number of
cores is small.

For brevity, the main text reports one representative experiment in Figure 3; additional experiments under
other inter-arrival time and job size distributions are deferred to Appendix K.

Convergence rates. Figure 3(a) plots the mean response time across jobs as a function of n for each of our
policies. Here, we scale n — oo in a mean field scaling regime with a fixed load of p = 0.6. While both
of our policies are mean field optimal, GLAM converges significantly faster than FW-CAM, and achieves
near-optimal performance even when the number of cores is small.

Comparison to heuristics. We compare GLAM against existing heuristics in the literature. None of these
heuristics is mean field optimal, for one of two reasons. (1) The size-based heuristics HELL [37] and (A-
YheSRPT [9] prioritize jobs by their remaining size, and are therefore not mean field optimal by Proposition 2
which shows that no mean field optimal policy can depend on exact job sizes in the limit. (2) The size-blind
heuristics EQUI [14], KNEE [37], and GREEDY [5] can instead be shown to be strictly suboptimal in mean
field via the ODE method of Section 6.4: Appendix I carries out this argument explicitly for GREEDY;
similar arguments apply to EQUI and KNEE.
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Figure 3: Performance evaluation of core allocation policies under a representative setting: two classes with sub-linear speedup
functions, Poisson arrivals, and Exponential job sizes, with system load fixed at p = 0.6 as n scales. The same qualitative
behavior is observed across all other settings we tested; see Appendix K for additional inter-arrival time and job size distribu-
tions and for full workload details.

We implement two representative heuristics in our simulations:

EQUI [14]: A fairness-based policy that, at every moment, divides the total available cores equally among
all active jobs in the system.

GREEDY [5]: An efficiency-based policy that, at every moment, maximizes the total rate the system
completes inherent work. GREEDY has recently been deployed in real systems (e.g., [41, 26]).

Figure 3(b) compares GLAM against EQUI and GREEDY. The results demonstrate that while GLAM
converges to the theoretical optimum, the heuristic policies do not. Furthermore, GLAM consistently out-
performs these heuristics for any number of cores, demonstrating its effectiveness even outside of the mean
field limit.

8. Conclusion

Prior work on the CAM problem [5, 9] conjectured that optimizing core allocation involves both favoring
short jobs and maximizing the total system efficiency. However, general optimality results have remained
elusive. By deriving the FW-CAM and GLAM policies, we see that neither of the above intuitions holds
in the mean field regime. In particular, our derivation of FW-CAM shows us that any policy that favors
short jobs is suboptimal. Likewise, our derivation of the GLAM policy illustrates that maximizing system
efficiency, as done by the GREEDY policy, is suboptimal.

This paper derives the first asymptotic optimality results for the CAM problem with multiple concave
speedup functions. Our policies FW-CAM and GLAM are asymptotically optimal under very general dis-
tributional assumptions on job sizes and inter-arrival times.
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Appendix A. Convex optimization Translation

In this appendix, we rewrite the optimization problem (5) into a convex optimization problem. For
completeness, we state the optimization again (up to some constant in the objective) as below:

m
e . PiCi
minimize

ki = Sl(kl)
:  piki (A1)
subject to Z silhn) <1,
i=1
ki >1

This is not immediately a convex optimization problem because the constraint terms SA’(“;'C,) are not

necessarily convex. However, by applying a change of variables, we can translate it into a convex optimization
problem.

Theorem 5. The optimization problem (5) can be solved in the following two steps:
1. Solve the convex optimization problem (A.2) to get the optimal solution z;;

2. Get the optimal k; = 8:1(%) where 51_—1 is the inverse of the speedup function s;.

PROOF. Define z; := ﬁ Define d; := supy>; s;(k) (if it does not exist, let d; = oo). If exists k such that
si(k) = d;, denote the smallest one by &;; Otherwise, let & be L.

Note that since s; is non-decreasing and concave, we have that it is strictly increasing in [1,&;] ([1,00)
if {, =1). Thus we can define the function 8; = s; ! to be the inverse of the speedup function on [1,d;]
([1,d;) if & =1). Using the fact that s; is increasing, positive and concave, we have that §; is increasing

and convex.

By definition of z;, we have that k; = 8;(X). Substituting this into the optimization problem (5), we
have .
minimize Z PiCiZi
: 1=1
, - 1 (A.2)
subject to Zplzlﬁz(z—i) <1
i=1
1
1>z > —.
=z = d;
Note that p ) ) ) )
(2B ) = B (=) — B
@B = B3~ A,
and
d? 1 -1_,.1 1,1 1 1
—— (2iBi(=)) = =5 Bi(—) + = Bi(—) + =B ()

1,1
= = B/(=)>0.
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Thus the optimization problem (A.2) is a convex optimization, which we can numerically solve for the
optimal z;.
Finally, given the optimal z;, we can get the optimal k; by letting k; = /Bz(i)
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Appendix B. Handling the corner case of infinite optimal k;

The optimization problem (5) may, in principle, fail to attain its infimum: there exist speedup functions
s; for which sending k; — oo strictly decreases the objective without violating the budget. Such speedups
grow nearly linearly in &, in the sense that limg_, . k/s;(k) < co. Realistic speedup functions do not exhibit
such linear growth — the marginal benefit of an extra core always diminishes as more cores are added —
so this regime arises only as a theoretical corner case. This appendix treats the case for completeness and
shows that all results in the main text continue to hold after a single preprocessing step.

Throughout, define )

L; = kli_)n;o m € (0, 00].

High-level approach. The optimization (5) naturally partitions the classes into two groups: a set F of classes
whose optimal allocation is finite (k} < 00), and a set Z of classes whose optimum is attained only as k; — oo.
Every class in Z necessarily satisfies L; < oo — this is what allows k; — oo without violating the budget.
The main text analyzes the case Z = (3, and this appendix reduces the general case to it: we set aside a
dedicated core pool for each i € Z of just enough size to drive that class’s response time to zero in mean
field, and apply FW-CAM to the remaining classes F with a correspondingly reduced budget.

Appendixz B.1. Identifying the corner-case classes

We use the change of variables z; = 1/s;(k;) from Appendix A. The optimization (5) is equivalent to the
convex program (A.2), with z; ranging over the compact interval [0, 1] (where z; = 0 corresponds to k; = oo,
and the budget term is extended by continuity to Ziﬁi(l/zi”zi:o = L;).

Since the feasible set in z-coordinates is compact and the constraint ) . \E [X;] 2;8;(1/2;) < n is strictly
convex (proved in Appendix A), the optimization has a unique optimum z* = (). Define

T :={i:z =0}, F={i:zf >0}

By the above, Z and F are uniquely determined by the problem data. Classes in Z are the corner-case
classes; classes in F have finite optimal allocation kf = 5;(1/z)) < oc.

Appendiz B.2. Extending FW-CAM to the corner case

We now describe the modification of FW-CAM and verify that it remains mean-field optimal.
Fix any 3 € (3/4,1), matching the Sub-Halfin-Whitt scaling used in Appendix F. In the d*" system,
for each corner-case class i € Z, reserve a dedicated pool of

' = NE[Xi|Li-d + (ME[X,]L; - d)°
(d)

cores. Within each pool, class-i jobs are served FCFS, and a job in service is allocated all n;”’ cores of its

pool (so no two class-i jobs ever run concurrently). The remaining n(? — Yier nl(-d)

FW-CAM on the restricted class set F, treating the reduced budget as the new total.
We argue that this extension is mean-field optimal by decomposing the weighted mean response time as

E [TWeighted}(d) = i\zezz )\iCiE |:Tl(d)} + i\lez}_)\’clE [Tl(d)}

cores are used to run

and treating the two sums separately.
For the 7 term, fix ¢ € Z. The class-i pool is a GI/G/1 system: jobs arrive at rate )\Z(.d) = d)\;, and

each job of size X; requires service time Sl-(d) = Xi/si(nl(-d)), so E [Sgd)} = E[X]|] /si(ngd)) = O(d~ 1) and
Var(S\) = Var(X;)/s:(n\”)2 = ©(d~2). The load is

(d) () (d) dp; dpi L 14 0(1) 51
) sim) i (o) = RLar )
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where the third equality uses nz(-d) /si(ngd)) — L; as d — oo, and the fourth substitutes ngd) = p;L;d +
(piLid)®. So 1 — pl(-d) = 0(d?~!). By Theorem 2 of [29], the mean queueing time satisfies

= A (Var(4(”) + Var(s{"))

_ G(d_’@) d— o0 0’
2(1 - p”)

E W]

using Var(Al(.d)) = Var(4;)/d?> = ©(d=%). Combined with E [Si(d)} — 0, the class-i mean response time

E [Ti(d)} =E [Wq(d)} +E [S’i(d)} vanishes, so the 7 term in the decomposition above contributes 0 in the
limit.

For the F term, observe that the reduced budget n(® — Yier ngd) = (n =Y ;e NE[Xi] Li)d — o(d)
scales linearly in d, and the corresponding optimization on F has all £} < oo by construction. Mean-field
optimality of FW-CAM on this reduced problem then follows by direct application of the main text.

Finally, in the limit d — oo, these two contributions together match the infimum of (5) (which, via (4),
extends to a lower bound on the CAM problem even in the corner case): the Z-classes contribute 0, and
the F-classes contribute exactly the optimal value of the reduced optimization. Hence the extended policy
is mean-field optimal.

Appendix C. Almost no parallelism happens in asymptotic regimes that p — 1

The following proposition shows that for the CAM problem with strictly sub-linear speedup functions
under asymptotic regimes where p — 1, the fraction of work done in parallelism goes to 0. Most notation is
defined in Section 3.

Proposition 1. Define p(¥ :=3"7" | )\Ed)E [X;] /n(D to be the total load in the d*" system. Assume that the
speedup functions of all classes are strictly sub-linear and the asymptotic regime has limg_,oo p'Y — 1. For
any kg > 1, further define q(d)(ko) to be the time-average proportion of inherent work finished using more
than kg cores. Then

o > 1, lim ¢V (ko) — 0.

PROOF. Recall that each type-i job brings X; inherent work to the system. Thus we have that the time
average inflowing rate of the inherent work is

SN E[X)] = o@D @), (C.1)

i=1

If a class-i job is running on k > kg cores, then a unit inherent work is finished in le) units of time.
Thus the core-second needed for a unit inherent work is % - é(%) > % (because of the concavity of the
speedup function s;).

Thus, for the ¢(%) (ko) proportion of inherent work finished using more than kg cores, the total core-second

needed is at least

k
@ (k). p D@ o
1 (0) P maXiSi(kO)

Moreover, for the rest 1 —¢(¥) (ko) proportion of inherent work, by sub-linearity of the speedup functions,
the total core-second needed is at least (1 — g9 (ko)) - p(¥n(9. Note that for the system to be stable, the
time average total core-second needed must be no more than n(¥. Thus we have

k
D (ko) - p D@ . &7]:0) + (1= ¢D(kg)) - p D0 < p(d),
K]
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This inequality gives that

1 1
@ 1 v
P e o (o) L

Since limg_,o0 p(¥ — 1, we have that for any ko > 1, limg_,e0 q(d)(ko) — 0.

Appendix D. Mean field optimal policies should not use exact job size information

In this section, we prove that for any policy that is mean field optimal, it almost surely allocates the same
number of cores to all class-i jobs, regardless of their exact job size. The proof uses results and notation
from Section 4.

Proposition 2. Assume the speedup function for any class i is strictly concave. Define k; := kI (A, n).
For any policy 7 that is mean field optimal, and for any class i, we have that the fraction of class-i inherent
work completed using k; cores goes to 1 in mean field.

PROOF. We prove the proposition by contradiction. Suppose the statement does not hold, then either (1)
the fraction of class-i work completed using k' # k; goes to 1 in mean field, or (2) the fraction of class-i
work is distributed among multiple values (or a range) of k, such that the fraction does not converge to 1
for any single core count.

We first prove that (2) cannot hold for any class i. Suppose (2) holds for some class i. Let h;(k) be the
fraction of time that a class-i job is running on k cores ([ hi(k)dk = 1). Now we create a policy n’ for
the Relaxed problem, which always allocates k' := floo k - h;(k)dk cores to class-i jobs. By concavity of the
speedup function, we have that the mean response time of class-i job under 7’ is no worse than that under
7 (see Lemma 1 in [35]). Moreover, the time-average number of cores used under 7’ is strictly better than

that under 7: the time-average number of cores used under =’ is %i[,))(], and that under 7 is

¥ ENE[X] - =2 W |
/ I si(@hi(@)d dk:/ kAiE[Xiy#dk
0 si(k) 0 fl si(x)h;(x)dx
1
S NE XK
[ si(@)hi(x)da ]

>

Define the reduced ratio of the time-average number of cores used to be some ¢ > 0. Then, we have that

. T . s
dlggo E [TWeighted]CAM(d) = dlggo E [TWeighted]Relamed(d>

’

. T
> lim E [TWeighted]Relazed(d) .

Note that 7" only uses (1 — ¢)n cores on average in the Relaxed problem. By (5), the optimal weighted
mean response time is strictly larger than the optimal weighted mean response time of the Relaxed policy
using on average n cores because the resource constraint shrank by a (1—c) factor. Hence the weighted mean
response time under 7 is strictly larger than that of the optimal Relaxed problem, hence is sub-optimal.

Next, since (2) does not hold for any class ¢, under 7 each class ¢ job only runs on a single number of
cores in mean field, denoted by k;. This means that k] is a feasible solution of the optimization problem (5).
Since the speedup functions are strictly concave, the optimization problem 5 can be translated into a strictly
convex optimization and the optimal solution is unique. Thus, &} = k;.
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Appendix E. Proof for Lemma 1

In this section, we prove Lemma 1, which is listed below.

Lemma 6. For any class i, limg_, o0 k} ()\(d),n(d) — (n(d))ﬁ> — kI (\n).

PrOOF. By definition, k} ()\(d), nld — (n(d))ﬂ) is the optimal solution of the following optimization prob-
lem:

m
. i dE[Xi]¢;
minimize E Nod si(k

A - dE [ X k;
subject to 24 <n-d—(n-dP.
20 ik

Dividing by d on both sides of the constraint, we have that the optimization problem is equivalent to:

(E.1)

N N E[X] e
minjmize Z: 3 sk
=1 (E.2)
subject to Z)\E[(‘;:)]k <n-—nf. k1

Note that both the objective function and constraint function are continuous in k;. Moreover, the
optimization problem is a convex optimization problem (see Appendix A). Thus, since limg_,o, d°~1 — 0,
we have that both the solution and the value of the optimization problem (E.2) converge to those of the
optimization problem (5).

Appendix F. Verification of the conditions in [34]
Here, we state Corollary 3 from [34] in its original form.

Lemma 7 (From Corollary 3 in [34]). For a GI/GI/n queue with inter-arrival time A and job size dis-

2
tribution S, suppose: (i) E [A?] < oo, (ii) E [S?] < oo, (iii) ﬁ < nﬁ, (iv) n(1—p)? > 10° (E [(ﬁ)QD ,
and (v) a steady-state distribution of number of jobs in the system exists, then

a1 + ao

E [steady-state number of queueing jobs] < -1000(n(1 — p)?)792,

where a1, as are constant with respect to n.

To apply Lemma 7, we will show that the conditions for the Lemma are satisfied in a GI/GI/n/ () system
for sufficiently large d. Specifically, we note that condition (iv) in the Lemma will be satisfied for sufficiently
large d if the system is in a Sub-Halfin-Whitt scaling regime. Furthermore, the bound on the number of jobs
in queue will converge to 0 if the system is in a strongly Sub-Halfin-Whitt regime where the system load

scales as 1 —w ((n(d))7'25). For our purposes in this paper, this understanding of the Corollary is sufficient

to prove the optimality of FW-CAM. However, [34] states the result in the above, more general form to give
additional information about convergence rates and scaling behavior. We now verify the conditions for the
Lemma below.

As is also assumed in [34], we assume that the steady-state distribution of the number of jobs in system
exists. Hence, (v) is satisfied by assumption. We now verify that conditions (i) - (iv) hold for sufficiently
large d.

2
(i) E [4?] < co: In the d'" system, we have that E [(Agd))Q] = EE;'i], which is finite for any d.
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3 3
(ii) E[S3] < co: In the d' system, we have that E [(Sgd)) } =E [((Xk(d))> ] , which is finite for any

d.
@ e[
5 = (n’_)(d) .

i

(iii) ﬁ < nﬁ: In the d'* system, define p Then, this inequality is equivalent to

pl(-d) < 1, and it suffices to verify the inequality (F.1) below.

2
(iv) n(1—p)? > 10° (E [( A )QD : In the d** system, this inequality is equivalent to

E [(Ag‘”ﬂ

N 1 @D2 5 16
() (1= 0 2 100 |
E[a")]

3

(F.1)

Since we only care about systems when d — 0o, we can simplify the terms by considering their orders
with respect to d. By definition, we have /\Ed) = O(d). By Lemma 1, we have that E [Sfd)} = 0(1)

and kz(d) = O(1). Thus we have that

R S
ni =1|n -t @
Sk
(d)
N S R
=n Zmlr(,d) k(d)+0(1)
j=1"J i
AVE 51
=n@. — L 2 10()
Zm (d)
i=1"j
(d)
>AIR[s@]. — " Loa by (7 F.2
> ) [z}n@_mwy &) v (7) (F:2)
= 0(d). (F.3)
Moreover, we have that (n;)(d) < n® = O(d). Hence,
()" = e(d) (F.4)

We can now analyze the order of 1 — pgd):
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o <>\ E n(d) oy S0
1
= = 8@ (@ +O( ))
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Thus, the left hand side of inequality (F.1) is ©(d?#~!) where 23 — 1 > 0, while the right hand side of
(F.1) is of order ©(1) by definition. Hence the inequality always holds when d — co.

Appendix G. Omitted proof for optimal policy of the single-job problem
In this appendix we prove the following omitted lemma in the proof of Lemma 5.

Lemma 8. For any discount factor o« — 0 and service penalty £, the optimal policy solving (13) always
chooses the same action throughout the job’s lifetime. In other words, the optimal policy either always
chooses action k = 0 and leaves the job forever incurring some cost, or keeps choosing some action k > 1
until the job is completed.

PROOF. First, if the optimal action at state = is to choose k = 0, since the state will not change, we have
that the optimal policy will choose k = 0 forever.

Otherwise, the lemma holds by concavity of the speedup function s;. Mathematically, suppose the
optimal policy 7 chooses action k(t) > 1 at time ¢t for ¢ € [0,%/]. One can create another policy 7',
which use the same action throughout this ¢’ time, incurring the same service penalty but does more work.
Mathematically, define

t/
K = %/ k(t)e=otdt.
1—e« 0

The policy 7" allocates k' cores to the job throughout time [0,#']. Compared with 7, the two policies incur
exactly the same total discounted service penalty for any « and £. However, the total work 7’ does is s; (k)¢/,
while the total work 7 does is fot si(k(t))dt. Note that when o — 0, k' goes to the time-average value of
k(t) within time [0,¢']. Thus, by strict concavity of the speedup function, we have that 7’ is strictly better
than m when oo — 0.

We also prove the following lemma.

Lemma 9. For any class i, the function f;(k) := % is strictly decreasing with k.

PRrROOF. We only need to show that ﬁ is increasing, which is 2’83 — k.
We can take the derivative of this expression:

d5m) _ (k) —
dk st




The last inequality holds because the speedup functions are (strictly) concave.

Appendix H. Proof for job sizes that follow phase-type distribution

In this appendix, we present the proof for the mean field optimality of GLAM under the assumption of
phase-type distributed job sizes. The proof is similar to that presented in Section 6.4.

Assumption 1. Assume the job size distribution X; is a phase-type distribution defined by the following
Markov chain: There are K; states. Let p; = (pi) denote the vector of the initial probability to be in state
u, and let Q; be the sub-generator matriz of the Markov chain, i.e., Q; is a K; x K; matriz, and Q;(u,v) is
the transition rate from u to v u # v, Q;(u,u) := — Zv;éu Q;(u,v) — ¢;(u,0) where q;(u,0) is the transition
rate from state u to the absorbing state.

Under the mean field regime, the limiting dynamics of the queueing system can be captured by an
ODE [30, 18]. Notably, even for a GI arrival process, the first-order drift is the same as Poisson arrivals,
thus it can be treated as if it is a Poisson arrival in the ODE (Theorem 3 in [48]). Thus, the system under
policy GLAM in mean field can be described by the following ODE:

zi = \ip; +2:Q; - 5i(gi(0)), (H.1)

where £ is determined by Zzi -1-g;(¢) =n, and g; is defined in Definition 5.
i=1

Here z; is the vector of the fluid-scaled number of class-i jobs, and z;(u) is the fluid-scaled number of class-i
jobs in state u. For a better understanding of the ODE (H.1), \;p, is the arrival rate of class-i jobs, z;Q;
represents the rate of transition between the states of class-i jobs (if running on 1 core), and s;(g;(¢)) is the
speedup that any class-i job gets. Finally, by the definition of GLAM, £ is picked such that the total number
of cores used reaches n, which is > 1", z, - 1 - g;({) = n.

We can now state our main theorem. Note that the asymptotic optimality of GLAM relies on the
assumption that ODE (H.1) has a global attractor. Similar assumptions of the existence of a global attractor
are also made in prior works (e.g., [47, 44], see [44] for a detailed discussion).

Theorem 6 (mean field optimality of GLAM). If ODE (H.1) has a global attractor, then GLAM is
mean field optimal.

PROOF. Suppose ODE (H.1) has a global attractor, then the global attractor must be a stationary point.
We next prove that there exists a unique stationary point for ODE (H.1), and the weighted mean response
time for the stationary point is equal to the optimal weighted mean response time of the Relaxed problem
(see (5)). Note that if this statement holds, we have that GLAM is mean field optimal because its weighted
mean response time converges to the lower bound given by the Relaxed problem.

For the stationary point z;, since z; = 0, we have that

z;Q; - 5i(9:(0)) = —\ip;-

Since matrix Q, is invertible (Lemma 2.2.1 in [32]), we have that

Ai -1
z; = —————P,; (Q; : H2
sty (¥ 1)
Moreover, we have that E[X;] = —p, (Q;)” "1 (Theorem 2.2.3 in [32]). Thus, by multiplying 1 on both
sides of (H.2), we have that
Ai



Now we can find the stationary point by solving the equation

i=1

which is equivalently

N Nigi(0) _
2 WE [X:] = n. (H.3)

Note that g; is strictly decreasing for any ¢ < ¢;f;(1), also % is strictly increasing with k, thus we
have that the left hand side is strictly decreasing with ¢ < max; ¢; f;(1). Moreover, for any ¢ > max; ¢; f; (1),
we have g;(¢) = 1 for any ¢, and the left hand side is equal to ), A, E[X;] < n. This means there exists a
unique ¢* solving (H.3). Then, the stationary point z; can be solved from (H.2).

Since the dynamics of the system under GLAM in mean field is captured by ODE (H.1) whose global
attractor is z;, we have that in the limit, any class-i job is assigned g;(¢*) cores. Thus the mean response
time of a class-i job is %, and the weighted mean response time in the limit is

m

. jGLAM 1

lim E [TWeighted CAMd) — X Z .
— si(gi( f

d—o0o

One can use Lagrange multipliers to solve the optimization problem (5) and find that the optimal
weighted mean response time for the Relaxed problem is { LS le\giE([z*X))] (Lemma 10). Thus we have that

GLAM is mean field optimal.

Appendix I. GREEDY is not mean field optimal

In Section 6 and Section 7, we argued informally that GREEDY [5] fails to be mean field optimal. In
this appendix, we make this precise via the ODE method of Section 6.4: we write down the mean field
ODE for GREEDY, identify its stationary point, and observe that it differs from the optimum identified in
Theorem 4. Similar methods apply to other heuristics in the literature, such as EQUI [14] and KNEE [37];
we focus on GREEDY for concreteness.

We treat the case of exponential job sizes (X; ~ Exp(u;)) and unit weights (¢; = 1); since GREEDY was
designed for the mean response time, this case alone is enough to exhibit its suboptimality.

Appendiz I.1. GREEDY’s allocation in mean field

In any state with N; class-i jobs in the system, GREEDY gives every class-i job the same allocation k;
(by symmetry and the concavity of s;), where {k;} solve

maXZ N; s;(k;) subject to Z N;k; <n.

i=1

A standard marginal argument shows that the resulting per-job allocation is

ha(n) = {1/ i if si(1) <,

(s8)71(n) otherwise,

where 7 is the smallest “marginal value of a core” such that the total allocation fits the budget. So GREEDY
is itself a "market-clearing" policy, but it equalizes s}(k;) across classes, whereas GLAM (Definition 5, under
¢; = 1) equalizes f;(k;). Since these two equalizing conditions differ, GREEDY’s per-class allocations differ
from GLAM’s, and as we now show this discrepancy means GREEDY’s ODE stationary point is not the
mean field optimum.
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Appendiz 1.2. The ODE and its stationary point

In the mean field scaling regime (d — oo, p fixed), let z;(¢t) be the fluid-scaled number of class-i jobs in
the system. By the standard fluid limit [30, 18] (using Theorem 3 of [48] for GI arrivals), GREEDY’s mean
field dynamics are

Zi = N o— Zi Wi si(hi(n)), where 7 satisfies Z zi hi(n) = n. (I.1)
i=1

This is exactly the GLAM ODE (17) with g;(¢) replaced by h;(n).
Setting 2; = 0 yields the stationary point

X E[X;] "N E[X;] hy(nSREEDY)

GREEDY i i GREEDY i il i

z; = , where solves = n. 1.2
i Si(hi(nGREEDY)) N ; Si(hi(nGREEDY)) (I.2)

By the same monotonicity argument as in the proof of Theorem 4, nGREEDY exists and is unique. Assuming

it is a global attractor of (I.1) (in analogy with the assumption made for GLAM), the mean response time
of GREEDY in mean field is

. GREEDY _ 1 < Xi]
dli)nolo E [TWeighted]CA]\/[(d) - X Z GREEDY)) (1'3)

Appendiz 1.8. Why GREEDY can be suboptimal in mean field

The expressions (I1.2)—(1.3) mirror those for GLAM (equations (18)—(19) and the cost expression in Theo-
rem 4); only the per-class allocations differ. By Lemma 10, the lower bound from the Relaxed problem (5) is
achieved exactly when every class-i job gets ¢;(£*) cores, and this minimizer is unique by the strict convexity
of (5) (Appendix A). Hence GREEDY matches this lower bound only when h;(nSREEPY) = g.(£*) for every
class. However, the GREEDY allocations h;(nSRFEPY) do not agree with the GLAM allocations g;(£*) in
most cases. For example, in the two-class workload evaluated in Section 7, the two allocations disagree and
thus GREEDY is suboptimal in mean field, matching the gap seen in Figure 3(b) and Figure K.4.

Appendix J. Solution of the optimization problem 5

Lemma 10. We have that the optimal value of the optimization (5) is given by

1 m
Xg (i ( E*

where (* is defined by >\, » ’g‘((f*)))E [Xi] =n.

PRrROOF. Using Lagrange multiplier method, we define
" \E ( by E )
=2l Se )
i=1 i=1

Then by the KKT condition, we have that the optimal policy k; satisfies:

oL oL

95 _ = >
ok; 0 or ( ! Ok; lki=1 — O)
i NE Xl ki .

= silk) '
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Note that

OL ci - (—1)sh(k;) si(ki) — ksi(k;)
= )\ZE Xz L ?
ok Xl ( stz T sk
Thus, ng,, = 0 is equivalent to
v s; (ki)
— = b = Ji k’L )
ci  si(ki) — kisj(k;) filks)
and k; = 1 if and only if f;(1) < L. Thus we have k; = g;(7).
Now since both £* and v are solutlons of the equation Y ;- 5 697(“))) E [X;] = n, which only has a unique

solution, we have that v = ¢*. Thus the optimal k; = g¢;(¢*), and the optimal value of the optimization

problem (5) is
G ME[X
A Z si(gi( E*

Appendix K. Simulation Details

This appendix provides the full workload specification for Section 7 and reports additional experiments
that vary the inter-arrival time and job size distributions. As discussed in Section 7, the qualitative message
is the same across all settings we tested: FW-CAM and GLAM converge to the lower bound, the heuristics
do not, and GLAM beats the heuristics even when the number of cores is small. The figure shown in the
main text is one representative experiment.

Workload used in the main text. Class 1: sub-linear power speedup si(k) = k%9 unit mean job size
(E[X1] =1), weight ¢; = 1;
Class 2: Amdahl-law speedup ss(k) = m with serial fraction o = 0.2 (so the asymptotic speedup is
capped at 1/a = 5), unit mean job size (E [X3] = 1), weight co = 1.

Each class carries load p; = 24 on a base of 80 cores (so the system load is p = (p1 + p2)/80 = 0.6).
As the number of cores n scales, the arrival rate of each class scales proportionally to keep p fixed. The
main-text figure (Figure 3) uses Poisson arrivals and Exponential job sizes (SCV = 1).

Additional inter-arrival time and job size distributions. To illustrate that the picture in Figure 3(b) does
not depend on the choice of distributions, we repeat the heuristic comparison under two further regimes
that fix the workload above but change the variability:

1. erlang: Erlang-2 inter-arrival times and Erlang-2 job sizes, a lower-variability regime (SCV = 0.5).

2. hyperexp: Balanced two-phase Hyper-Exponential inter-arrival times and job sizes with SCV = 10,
a high-variability regime.

The results are shown in Figure K.4. The qualitative behavior matches the exp regime reported in
Figure 3(b): GLAM consistently outperforms both heuristics at every n and tracks the lower bound as n
grows, while the heuristics do not converge to it.

34



— 0.30
0.25 - '\’\.\‘
) @ 0.25
£ T | | ||/
Eo020 g '\-—\’_\—1
Y g 020
§015 S
a 8 0.15
@ 0.10 @
c —e— EQUI c 0.10{ —e— EQUI
o GREEDY o GREEDY
= 0.05| —m— GLAM = 0.05{ —#— GLAM
---- Lower Bound: 0.19 ---- Lower Bound: 0.19
0-00755 160 400 800 0-00755 160 400 800
Number of cores (n) Number of cores (n)
(a) Erlang (SCV = 0.5) (b) hyperexponential (SCV = 10)

Figure K.4: GLAM vs. EQUI and GREEDY under inter-arrival and job size distributions with different variability. (a) Erlang-
2 inter-arrival times and Erlang-2 job sizes (SCV = 0.5). (b) Balanced two-phase Hyper-Exponential inter-arrival times and
job sizes (SCV = 10). In both cases GLAM consistently outperforms EQUI and GREEDY and tracks the lower bound, while
the heuristics do not converge to it. System load is fixed at p = 0.6.
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